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THE APPROXIMATE MODELS OF OBJECTS WITH SECOND ORDER INERTIA AND
TIME DELAY AND TUNING OF CONTROLLERS
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Abstract: The analysis of the approximating of the term with time delay of transfer function of the control
object’s models with second order inertia and time delay using minimal and nonminimal phase approximants
Pade with purpose to represented the transfer function of object in rational form is proposed in this paper. For
these type of approximate objects’ models the typical controllers are tuning in conformity of the maximal
stability degree method. The tuning procedure represents an algebraic method and needs a limited volume of
calculations. The results obtained after tuning of controllers to the approximate objects’ models in conformity
of the proposed method are compare with the results obtained in conformity of the other known method.
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Introduction

At the automation of many slow technological
processes the mathematical models of these
control processes usually are represented as
models with inertia with respectively order and
have time delay. In consequence the object’s
model is an irrational function and practical
realization of this model is difficult. To bypass
these above-cited inconveniences the term with
time delay from transfer function of object is
approximated with rational forms which are
known as approximate Pade [1, 2].

It is considered that the control object is
represented by the object’s models with second
order inertia and time delay:
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where k,7,,T,,7 are the parameters of object,
and a, =TT,, a, =T, +T,, a, =1.
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The term exp(—7s) from (1) which represented

the time delay of process presented a
transcendent expression.

The approximate models of object’s transfer
function

In most cases the term exp(—zs) is
approximated by approximants Pade [1,2].
Mostly the following approximants Pade are

using:
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where (2), (4) are minimal phase and (3), (5),
are nonminimal phase approximants Pade.

In [2] is used the following minimal phase
approximate:



exp(—7s) =
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The transfer function (1) by approximants Pade

(2)...(6) 1s represented in following forms

respectively:
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a,s* +a,;s® +a,s’ +a,s+a,
where n=2; a, =0,25TT,7°;

a, =TT, +0,25c* (T, +T,) ;

a, =TT, +7(T, +T,)+ 0,257

a, =T, +T,+7; a, =1;

After approximates have been obtained two
classes of objects’ models:
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e the models (7), (9), (11) represent
models with third and fourth order inertia
respectively;

e the models (8), (10), represent models
with third and fourth order advance delay
respectively and with nonminimal phase.

Further analysing the influence of obtained
approximates (7)...(11) on performances of the
automatic control system with approximated
models in comparison with the performances of
the control system with initial object’s model

(1).

Tuning of regulators to the approximate
models

To the object’s model (1) have been tuned the
typical regulators P, PI, PID using the maximal
stability degree method and the results are
presented in the article [7].

For tuning of typical P, P1, PID regulators to the
approximate models (7)...(11) it is using
maximal stability degree method and the results
are presented in the authors’ paper in the same
volume.

For automatic control system with object’s
model (7) and with:

e P regulator:

3a,J? —2a,J +a, =0; (12)
k,=1/k)aJ’ —aJ’ +a,J -1); (13)

e Pl regulator:
6a,J* —3a,J +a, =0; (14)

k, =(1/k)(4a,J° =3a,J* +2a,J —a;); (15)
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e PID regulator:

J=a,/(4a,); (17)
1 1(3a;}
k, =;(—6aOJ2 +3a1J—a2)=;(§—a2];(18)
k, =%(4aOJ3 —3a,J? +2a,J —a;)+
(19)

3
+2de:1 “_lz_a3 :
k\ 16a,



k.= %(—aOJ4 +aJ’ —aJad)—
(20)

4
kP ikt G
" " k 2564,

For automatic control system with object’s
model (9) and with:

e P regulator:
4a,J> -3a,J? +2a,J —a, =0; (21)
k, =(l/k)=ayJ* +a,J’ —a,J* +a,J —a,); (22)
e Pl regulator:
~10a,J”> + 6a,J* —3a,J +a, =0;
k,=(01/k)-5a,J" +4a,J* —
-3a,J* +2a,J —a,);
k. =(J* 1 k)(-4a,J” +3a,J’ —2a,J +a,); (25)
e PID regulator:
10a,J° —4a,J +a, =0; (26)
k, =1/k)(15a,J* —8a,J* +3a,J* —a,); (27)
k, =(J*/k)6a,J* —3a,J +a,); (28)
k, =(1/k)10a,J’ —6a,J> +3a,J —a,). (29)
For the control system with object’s model (11)
with the respectively regulators P, PI, PID have

the same expressions for the tuning parameters
as for the control system with object’s model
9).
For tuning of regulators P, PI, PID to the models
(8) and (10) have been used the results obtained
in other article of authors. Further the algebraic
expressions of tuning parameters  are
represented.
For automatic control system with object’s
model (8) and with:

e P regulator:

—cyJ’ +eJ? ey —cy

(23)

(24)

=0;
B a,J’ —a,J* +a,J —a,
- b, +b,J
e Pl regulator:
d,J>+dJ" +d,J’ +d,J* +d,J+d, =0;(32)
dJ ' +dJ +d,J +dJ —d,

(30)

k

; (€29)

k ;33
g (b, +b,J )
k= —a,J +aJ’ —a,J’ +a3J+ka; (34)
b +b,J

45

e PID regulator:
e +ed +e, e vt +
i (35)
e e +ed —cg=0;
k, =
_—dJ’-dJ' -d,J —dJ? —d,J-d, (36)
2(b, +b,J ) ’
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’ (b, +byJ)°
+2k,J;
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’ b, +b,J
—kyJ? +k,J.
For automatic control system with object’s
model (10) and with:
e P regulator:

(37)
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e PID regulator:
—cyJ’ et e, +e e+ (44)
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! (b +b,J)
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For analysis of the modifications which appear
in the approximate models (7)...(11) in
Table 1. The parameters of models
Parameters
of models (1) (7 (8)
a, a, za, 0,57a,
a, a, a,+wa, a,+05,
a, 1 a, +0,57  a, +057
a, - 1 1
a, - - -
b, - - 0,5tk
b, k k k

Application and computer simulation

Admit the parameters of object’s model (1) are
known: a, =10; a, =7; a, =1; k=0.5; 7 =1s.

In conformity with the expressions (7)...(11)
have been determinate the parameters’ values of
the approximated models (7)...(11) which are
presented in the table 2.

The results of tuning of typical regulators P, PI,
PID to the objects’ models (1), (7)...(11) in
conformity with the maximal stability degree
method are presented in the table 3.

For verification of obtained results the transient
responses of control systems with P, PI, PID
regulators and objects’ models (1), (7)...(11)
have been build up (fig.1, 2). The curves 1, 2, 3,
4, 5, 6 correspond with the numbers of
respectively expressions (1), (7)...(11).

Table 2. The values of objects’ parameters

comparison with the initial model (1) the
respective expressions of models’ parameters
are presented in the table 1.

Models of objects
9) (10) (11)
0,57°a, (z*/6)a, 0,257°a,
ta, +0,57°a, Tt a, +0,257%a,
gao + ?al
a, +ta, +0,5¢° T T a, +a, +0,257°
a,+—a, +—
6
a, +7 a +Z a, +71
1 1 1
- th/3
k k k
Parame Models of objects
-ters of
models (D (M @& (9 (10) 1dAI)
a, 10 10 5 5 1,67 25
a, 7 17 13,5 13,5 45 11,8
a, 1 8 75 17,5 12,5 173
a, - 1 1 8 7,33 8
a, - - - 1 1 1
b, - - 0,25 - 0,17 -
b, 05 05 05 05 05 05
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Table 3. The values of tuning parameters

Models Type of regulator



of

objects P PI PID
J=0291 J=0213 J=0,635
k,=0284 k,=0647 Kk, =6745
(1) _ k. =1,246
k, =0,125 K —851
J=0333  J=0.2 J =0,425
_ _ = 4,141
(7) k=029 k=096 K, =4
K =0192 Ki=0052
e k, =5,675
J =034 J=021  J=0,576
® K =0318 k=099 k, =617
r —oo k=109
e k, =17.957
J=0]166 J=0,2 J =0,54
k,<0 k,=0904 k, =736
©) k=084 k =1379
k, =9,207
J =033 J=0221 J=0,627
_ _ k =1314
10y K, =0362 K, =1 ,
k=021 Ki=1882
LT k, =14,86
J=0336 J=021  J=05
k,=031 k,=0864 k, =5062
(11) k=02  k =0844
k, =675
P regulator
Y()x10™ // .
5 /:
122 6
t, s
10 20
P1 regulator
1
Yt 6\
3\ \
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Fig.1. The transient responses of automatic
control systems
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PID regulator
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Fig.2. The transient responses of automatic
control systems
Analysis of transient responses of control
systems with objects’ models (1), (7), ..., (11)



and P, PI, PID regulators have been appraise its
performances which are represented in the table
4 (error e =%5%).

Table 4. The performances of control systems

M(z)(}els Perfor- Type of regulator \
objects mances PI PID
t,,s 40 14
(1) . % - 35
t,s 23 6
(7) o.% - _
tz ,S 20 10
(8) . % - 26
t,,s 24 19
9) . % - 43
t,s 20 8
(10) o.% - 50
tz ,8 22 8
(11) o.% B 9
Conclusions

In the result approximate of time delay of
models (1) by approximants (2), ..., (6) the
analysis of transient responses of the automatic
control systems with P, PI, PID regulators the
following conclusions can be made:

1. For control system with P regulator the best
performances have been obtained for
approximant (5) (approximate model (10)). For
control system with model (9) and P regulator
have been obtain a negative result (see the table
3).

2. For control system with PI regulator the
transient responses have an aperiodic form. The
best performances have been obtained for
approximants (3) and (5) (approximate models
(8) and (10)).

3. For control system with PID regulator the best
performances have been obtained for
approximants (2) and (6) (approximate models
(7) and (11)).

48

References

[1] Preitl, S., Precup, R.-E. (2001) Introducere
in ingineria reglarii automate, Timigoara:
Editura Politehnica.

[2] Lukas V. A., (1990) Teoria avtomaticeskogo
upravlenia, Moskva: Nedra.

[3] Zagarii,G.I., Shubladze, A.M. (1988) Sintez
sistem  upravlenia na  osnove  criteria
maximalinoi stepeni ustoicivosti (The Synthesis
of the Control System According to the Maximal
Stability Degree), Moskva: Energatomizdat.

[4] Izvoreanu, B. (1998) The Synthesis of
Regulators to the with Advance Delay.
Proceedings of the 6™ International Symposium

on Automatic Control and Computer Science
(SACCA’98), lasi, V.1.

[5] Izvoreanu, B., Fiodorov, I., Izvoreanu, F.
(1997) The Tuning of Regulator for Advance
Delay Objects According to the Maximal
Stability Degree Method. Preprints of the 11"
International Conference on Control Systems
and Computer Science (CSCS-11), Bucuresti,
V.1.

[6] Izvoreanu, B., Ratd, E., Fiodorov, I,
Balteanco, V. (2001) Tuning of Linear
Regulators to the Fourth Order Advance Delay
Objects. Proceedings to the 11™ International
Symposium on Modeling, Simulation and
Systems’ Identification (SIMS-11), Galati:
Editura Fundatiei Universitare “Dunarea de

2

Jos”.

[7] Izvoreanu, B., Fiodorov, 1. (1997) The
Synthesis of Linear Regulators for Aperiodic
Objects with Time Delay According to the
Maximal Stability Degree Method. Preprints the
Fourth IFAC Conference on System Structure
and Control, Vol. 1, Bucuresti: Editura Tehnica.

[8] Izvoreanu, B., Tutunaru, V., Putere, A.,
Fiodorov, 1. (2003) Tuning of Linear Regulators
to the Second Order Objects’Model with Inertia
and Nonminimal Phase. Preprints of the Fourth
International Conference on Electromecanical
and Power Systems SIELMEN-2003, Vol. 1,
Chisinau: Editura Universitatii Tehnice a
Moldovei.



	Ion FIODOROV
	Bartolomeu IZVOREANU
	 
	Application and computer simulation
	Conclusions
	References


