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Abstract. Developed the method for finding solve of singularly perturbed dynamic control system with variable 
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Introduction 
In the work for systems with variable range of 
phase space [1,2] with singularly perturbation 
[3,4] we propose the algorithm for finding solve. 
Algorithm essentially using Pontriagin maximum 
principle.  
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Mathematical model singularly perturbed 
system with variable range of phase space 

  
On the segment  with restricted partition [ 10 ,TT

{ }Njj ,1, == ττ , where [ ){ }jjj tttt ,: 1−∈=τ , 

,1,...,2,1 −= Nj [ ]{ }NNN tttt ,: 1−∈=τ , <= 00 Tt  

 let’s consider the 

system, the dynamics of which has the next 
mathematical model: 

111 ... Tttt NN =<<<< −

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )txtAtxtA
dt

tdx jjjj
j

212111
1 += , (1) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )txtAtxtA
dt

tdx jjjj
j

j 222121
2 +=ε , (2) 

 

with variable conditions of phase space range 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )−+−= −

−
−

−
− 1

1
2121

1
11111 j

jj
j

jj
j

j txCtxCtx , (3) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )−+−= −
−

−
−

− 1
1

2221
1

12112 j
jj

j
jj

j
j txCtxCtx . (4) 

 
In the relations (1)–(4): ( ) ( ) ( ) ( )txtx jj

21 ,  – 
respectively – measurable and – 
measurable vectors of phase state if 

jn1
jn2

jt τ∈ , 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tAtAtAtA jjjj

22211211 ,,,  – known matrix, 
with size , , ,  
respectively, and matrix 

jj nn 11 ×
jj nn 21 ×

jj nn 12 ×
jj nn 22 ×

( ) ( ) ( ) ( ) ( ) ( )tAtAtA jjj
222111 ,,  

have piecewise continuous elements, matrix 
( ) ( )tA j
12  – differential elements under jt τ∈ , 
( ) ( ) ( ) ( )jjjj CCCC 22211211 ,,,  – rectangular matrix whith 

size , , ,  
respectively, 

1
11
−× jj nn 1

21
−× jj nn 1

12
−× jj nn 1

22
−× jj nn

0>jε  – small parameter, 

Nj ,1= . Furthermore, we consider, that if 1=j  
then the next equals is right: ( ) ( )1

1
1

11 EC = , 
( ) 01
12 =C , ( ) 01

21 =C , ( ) 1
2

1
22 EC = ( ) , where ( )1

1E , ( )1
2E  

– unitary matrix with orders  and  
respectively, 

1
1n 1

2n
( ) ( )1

21
1

12 , CC  – null matrix with size 
, , 1

2
1
1 nn × 1

1
1
2 nn × ( ) ( ) ( ) ( ) ( )1

100
1

10
0

1 xtxtx == , 
( ) ( ) =0
0

2 tx ( ) ( ) ( )1
200

1
2 xtx =  – the starting phase 

conditions of the system (1), (2) respectively 
under 0tt = . 
Assuming, that quality of functioning system 
(1), (2) determining by value of the functional 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) =⋅⋅⋅⋅ NN xxxxI 2
1

21
1

1 ,...,,,...,  



 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )∑ ∫

=
++=

−

N

j

t

t

jjjjjj
j

j

dssxsQxsxsQsx
1

22
*

211
*

1
12

1

( ) ( ) ( ) ( )NN
N

N xQtx 13
*

12
1

+ ,                 (5) 

 
where ( ) ( ) ( ) ( ) ( )Njj QtQtQ 321 ,,  – symmetrical 
positive-defining matrix with sizes , 

, respectively, matrix elements 
 differentiable when 

jj nn 11 ×
jj nn 22 ×

NN nn 11 ×
( ) ( )tQ j
2 jt τ∈ , Nj ,1= , the 

symbol ’*’ meaning the transposition operation. 
  
 
Formulate of the task. Main means and 
confirmations. 

 
Problem 1. Finding the minimum of the 
functional (5) per  under the 
next limitations:  is the solve of 
(1) with the conditions (3). 

( ) ( ) ( ) ( )txtx N
2

1
2 ,...,

( ) ( ) ( ) ( )txtx N
1

1
1 ,...,

Assume that  – normal fundamention 
solution corresponding (1) homogeneous 
system, or matrix solution of the next task: 

( ) ( stX j ,1
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( ) ( ) ( ) ( ) ( ) ( )stXtA
dt

stdX jj
j

,,
111

1 = , 

 
( ) ( ) ( )jj EssX 11 , = ,                     (6) 

 
where  – unitary matrix with sizes , ( )jE1

jj nn 11 ×

js τ∈ , jt τ∈ , Nj ,1= . 
Than, solution (1), that satisfy starting condition 

 and condition (3), is ( ) ( ) ( )1
100

1
1 xtx =

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) += −

1
10

1
1101111111 ,..., xCttXCttXtx jj

j
jj  

( ) ( ) ( ) ( ) ( ) ( )∑ ∫
−

= −
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1

1
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1
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t
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( ) ( ) ( ) ( ) ( ) ( ) ++ ∫

−

t

t

jjj
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j
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1

212,  

 

( ) ( ) ( ) ( )∑
=

+
j

k

k
k

j
k xCttW

1

1
2012, ,         (7) 

where 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )...,,, 1
1121

1
11111

−
−−

−
−= j

jj
jj

j
jj

k CttXCttXstW  
 

( ) ( ) ( ) ( ) ( )stXCttX k
kk

kk
k ,,... 1

1
111

1
1

+
+

+ , 
 

ks τ∈ , jt τ∈ , . Njk ≤≤≤1
 
 

Ground of the solve construction for 
singularly perturbed system with variable 
range of phase space  
 
Theorem. The solution of the problem 1 is 
 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )txtRtAtQtx jjjjoj
1

*
12

1
22

−
= ,  (8) 

 
where ( ) ( )tR j  – matrix solution of the tasks 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )tQtRtA
dt

tdR jjj
j

1
*

11 +−= ,  (9) 

 
( ) ( ) ( ) ( ) ( ) ( )1

11
11

11
+++=− j

j
jj

j
j CtRCtR ,  

 
1,...,2,1 −−= NNj , 

 
( ) ( ) ( )N

N
N QtR 3−= .         (10) 

 
The proof. Assume that , ( ) ( )tx j

2 jt τ∈ , Nj ,1=  
are control functions for the system (1) with the 
conditions (3), examine the next functions: 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )=ttttxtxtxtxH NNN ,,...,,,...,,,..., 1
2

1
21

1
1 ψψ  

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )∑

=
++−=

N

j

jjjjjj txtQxtxtQtx
1

22
*

211
*

12
1  

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )∑

=
++

N

j

jjjjj txtAtxtAt
1

212111
*ψ ,     (11) 

 
 



 Ή ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )( +−= +++
j

jj
j

jjjj txCtxx 1
1

11
*11

21 ,, ψψ  
 

( ) ( ) ( ))−+ +
j

jj txC 2
1

12 ,  (12) 

where  is the solution of adjoint system ( ) ( )tjψ
 

( ) ( )
( )jx

j

grad
dt

td
1

−=
ψ ( ) ( ) ( ) ( ) ( ) ( )( ,,,..., 1

21
1

1 txtxtxH N  

 
( ) ( ) ( ) ( ) ( ) ( ) )ttttx NN ,,...,,..., 1
2 ψψ , 

 
( ) ( ) =−j

j tψ  
 

( )jx
grad

1
= Ή ( ) ( ) ( ) ( ) ( ) ( )( )j

j
j

j
j

j ttxtx 1
21 ,, +−− ψ ,  

1,...,2,1 −−= NNj , 
 

( ) ( ) ( ) ( )( )N
NN

N
N txQt 13−=ψ . 

 
Apply the Pontriagin maximum principle, 

 finding as the solution of the equation ( ) ( )tx oj
2

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 01222 =+− ttAtxtQ jjojj ψ , 

or 
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )ttAtQtx jjjoj ψ12

1
22

−
= , jt τ∈ , 

 
Nj ,1= .   (13) 

 
Calculating 
 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )ttttxtxHgrad NN

x j ,,...,,,..., 1
2

1
1

1
ψψ  

 
finding the systems of equations for find the 
adjoint variables  ( ) ( )tjψ
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )txtQtA
dt

td jjjj
j

11
*

11 +−= ψψ , (14) 

 
( ) ( ) ( ) ( ) ( )j

jj
j

j tCt 1*1
11

++=− ψψ , 
 

( ) ( ) ( ) ( ) ( )N
NN

N
N txQt 13−=ψ .             (15) 

 

Finding ( ) ( )tjψ  as 
( ) ( ) ( ) ( ) ( ) ( )txtRt jjj

1=ψ .                (16) 

where ( ) ( )tR j  – unknown matrix with size 
. jj nn 11 ×

By substituting (16) in (14), finding equation (9) 
and conditions of the over patching structures 
(10) for finding matrixes  with ( ) ( )tR j

jt τ∈ , 

Nj ,1= . 
The formulas (13), (16) and conditions (4) 
completely defined functions ( ) ( )tx oj

2 , 
substituting that in (7), finding ( ) ( )tx j

1  with 

jt τ∈  for all Nj ,1= . 
 Solve of the task 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )×+=
− tRtAtQtAtA

dt
tdx jjjjj

j
*

12
1

21211
1

 
( ) ( )tx j
1× ,               (17) 

 
( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )×−−+= −

−

−− 1
*

12
1

12121111 j
j

j
jjj

j
j tAtQCCtx

 
 

( ) ( ) ( ) ( )−−× −
−

− 1
1

11 j
j

j
j txtR   (18) 

 
finding the solve (1)  that satisfy the 
starting condition  on the 
assumption of functional (5) obtain minimum 
valuation when , 

( ) ( )tx j
1
( ) ( ) ( )1

100
1

1 xtx =

( ) ( ) ( ) ( )txtx ojj
22 = jt τ∈ , 

Nj ,1= . 
Now in the system (2) make substitute 
 

( ) ( ) ( ) ( )txtx jj
11 = ,  (19) 

 
( ) ( ) ( ) ( ) ( ) ( )tztxtx jojj += 22 ,             (20) 

 
where ( ) ( )tz j  – unknown vector-functions 
corresponding dimension. 

 So far as 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ))×+
− tRtAtQtAtRtA jjjjjj *

12
1

212
*

12  ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )⎜⎜

⎝

⎛
+−=

−− tRtAtQ
dt

tdQ
tQ

dt
tdx jjj

j
j

oj
*

12
1

2
21

2
2

 
 

( ) ( )tx j
1× ,  (22) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ++−+ tQtAtRtAtAtR
dt

tdA jjjjjj
j

1
*

12
*

11
*

12

*
12

 

 
with the conditions of phase space range change 
 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )1
100

1
0

*1
12

1
0

1
2

1
200

1 xtRtAtQxtz −
−= ,   

( ) ( ) ( ) ( ) ( ) ( )++ tAtRtA jjj
11

*
12   

when 1=j , and  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ))×+

− tRtAtQtAtRtA jjjjjj *
12

1
212

*
12   

( ) ( ) ( ) ( ) ( )+−= −
−

− 1
1

1211 j
jj

j
j txCtz   

( ) ( )tx j
1× ,                              (21)  

( ) ( ) ( ) ( ) ( )( )−+−+ −
−

−
−

1
1

21
1

22 j
j

j
jj txtzC ,  

 than, designation 
when Nj ,...,3,2= .  

( ) ( ) ( ) ( )tQ
dt

tdQ j
j

2
2 = , 

( ) ( ) ( ) ( )tA
dt

tdA j
j

*
12

*
12 = ,  
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