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Abstract. For the linear transitional systems with the variable measurability of the phase space it was
Jormulated and solved the problem about the practical stability. It was proved the theorem about the
criteria of the practical stability, on the base of which it was developed the algorithm of the digital
method of the search of the quality criteria of the practical stability
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Introduction

In given paper the practical stability (1) of the
linear systems with the variable measurability of
phase space (2) is investigating. Here the
theorems about the practical stability are proved
and it was indicate the criteria, which are
suitable for direct use as algorithms of the digital
stability area determination. The obtained results
are proved on the base of A.M. Liapunova’s
general theory of stability and N.G. Chetaev’s
investigation problems of the stability on the
finishing time interval. The considered problems
of the practical stability of the dynamic systems
with the variable measurability of phase space
with permanently acting agitations.

The mathematical model of practical stability systems
with the variable measurability

Let we suppose 7, 7,, ..
the segment [TO,TI] , rj={t:te[tj71,tj)} ,
j=12,.,N-1 , zoy={trelty.tn]
to=1, <t <..<ty, < <ty=T1T, . Let we

., Ty — 1s some part of

suppose that on this segment the system
dynamics is set as follows:

dt

=Aj(t)x(j)(t), tet;, (1)
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on condition of variable measurability of the
phase space

)= -),

where 4; (t) — are the square matrix of order 7 ;

2

with such elements that the decision of the
system (1) exists and is the single with 77,

xU )(t) — 1s the measuring vector of the phase
c, -

space, C; are the rectangular constant

matrixes of dimensionality » pXn Ly, = LN,
with j =1 we’ll consider that C, = E; — is the
single matrix of order n,, x(o)(to —):x(()l) — is
the initial condition of the system (1).

Definition 1 The non-agitated movement
x(j)(t): 0,te7;, ] =1,N, of the system (1)
on conditions (2) let call
WO e . rW 1.7 if
x(j)(t)el“,(-’) for all tez;, j=1LN , when
x(l)(to)e G, = {x(l) x5 o /12}

rt) - {x(/’) i

L
() . .
lgj_ (t) — uninterrupted vectors-functions of the
“J

we
-stable,

where

x(j) < l,sj = 1,2,...,Mj }, where

J

dimensionality n,tet;, j= LN.



Definition 2 The non-agitated movement
x(j)(t): 0,te7;, ] :1,_N , of the system (1)
on conditions 2) let we

{c,B,F,(l),F,(z),...,F,(N),TO , 1 } -stable,
x(-i)(t)eF,(j) for all tez;,, j=LN,
x(l)(to)e Gy = {x(l) xWT Byl < 2

— 1s a known additionally set

call
if

when

}, where ¢ —

is the constant, B

matrix,
th:{x )0

J

<ls; =12, M, } 1)

Sj

— are the set uninterrupted vectors-functions of
the dimensionality », j=LN.
Problem 1 To find the conditions when the

decision of the system (1) on conditions of the
change of phase space measurability (2), i

W0 @t 7, 7 |-stable.
Problem 2 To find the conditions when the

decision of the system (1) on conditions of the
change of phase space measurability (2), i

.5, 1010t 7, 7 |-stable.

tet;,

The criteria of the practical stability

Let we enter the signification: X, (¢,7) as the

matrix solution of Koshi’s task

dX(j)(t, 7)

A ()xV(,z 3
= XV (e 7) 3)
Xj(r,z'):E 1<t;,,7€1;,1€7;, E; — are
the single matrixes of the order n; ;

=(/)
lsi (1)=CcIxI(t,—1).C! XT(t]—,t] l)l( )

2 2 2 2
H :plmaxﬂ’ > Hr :p2maxﬂ’ > A
Uy = PymnA » Where p i max the most
. T
personal  value of matrix vy,

v, =CX;, (tj—l =l )Cj—l"'Xl ((=0)C

- 2 2
Hy =plmaxﬂ’ > Hy :p2max/1 > B
_2 — p—
Uy =Pyms A » Where p jmax — the most
1
personal value of matrix (//lrj.t//1 Wi =v,B 2,
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Q(Jla) XT(Jlat)X(Jls) ) tETj 9
J=LN, 0,(ty.t)= X\ (t.0)BX,(tg,1), teT;.
Theorem 1 For {/1,F,(l),F,(z),...,F,(N),TO,Tl} -

stability of the system (1) on conditions (2) is
enough to satisfy the following conditions:

< min(ﬂl,ﬂz,---a;ﬁ]v)a

U, B, —CTe, kb

where

“4)

)20, )

SO (N i
’11':13151/[ (}gf(lsj (1o (.1 )lsj ()) ]

x(jfl)(t), tet;, j= I,_N , 1s the decision (1)
with the conditions (2), that satisfies an initial
xgl) eG,.

Proof Let we made the proof by means of
Liapunov’s functions. Let we choose the

following Liapunov’s functions V.(x(j )(t),t)z

= 1 (]I,I)X
u’

where u? =max(y12,y22,...,,u§,).
Let suppose x(j)(t), ter;, j=LLN, is the

condition x") ()=

j=LN,

decision of the system (1) with the conditions
(2), which satisfies the initial condition
x(l)(z‘o):x(()l), x(()]) € G, . If the conditions (4)
and (5) fulfill it mean that for the functions
Vv, (x(j )(t),t) on the decisions of the system (1)
the following non-equations

v (xe)e)<1, ter;, j=1LN.
Besides, it is easy to check

D)7 (U 1)< 1 CF(j).Really,
0, (0) ,

are realized

that




From this, taking into account the condition (4)

. ) 2
Z(J)T (t)x(f)(t)( <1,

we receive with a inequality |//
J

tetr;,s.=12,...M., j=1,N.So far as

J J J
dV./(x(j) ’)”)
dt
with x(j)(t)e {x(j)(t): Vv, (x(j)(t),t)< 1} , tet;,
j= I,_N , all the conditions of the theorem 1 (3)
realize that finish the theorem proof.

=0

Remark 1 The matrix O, (#,,7, —) can be found
using the
O (0,1, =)= X1 (1= 10)X{ (11=,10).

formula

Remark 2. If in the system of differential
equations (1) the matrix A4; is the stable, then in

the condition of stability (4) 4,

discovered using the formula

can be

(i T _ -1
min inf(zfj)T (z)e(Af*Af )(t]t(’)l(])(t)) (7

S
<s:< . .
l_S/_M‘] ZET/

A. =
J J J

Theorem 2 For .80, .17, 7,

stability of the system (1) on conditions (2) is
sufficient that realizes the condition

¢ <min(l1, 22 An ). ()

and the condition (4), where

Z,- = min (inf(z

08, 50)

ISSjSMj = J J
)
xU(e), tez;, j=1,N, is the decision (1) on
conditions (2) which satisfies the initial

condition x(l)(to )= x(()l) € Gy.

Proof Let we chose the Liapunova’s functions
as follows:
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U
g (x(f)(t),t)__%x(f)T(t)éj (tj l,t)x (1),
u
J=2,N,

—2 —2 —2 =2
where 4 = max[,ul ,,uz,...,,uN).
Now is possible to make the proof of the
theorem 2 follow the scheme of theorem 1. The

theorem is proved.
Remark 3  The

symmetrical ~ matrix

additionally  denoted
0,(ty,1) with  the
dimensionality », xn, can be found as matrix
decision of the differential equation

do.(t,, _ —
) 4700, 1) 0,101,
él(to,t0)= B,ter,.

Remark 4 For the calculation A j using the

formula (9) the reverse matrix @;1(%,1) can be
found solving the Koshi’s task

—-1
dQITEtO”) _ @;l (fo,’)AlT (t)+ 4, (Z)Q—l (l»fo )
0, (tg.)=B".

Then let we examine on the segment [7},7}]
with the division 7, 7,, ..., 7 the system with

the permanently acting agitation

(/) , :
%t(t)zflj(t)x(/)(t)+f(/)(t), ter;, j=LN,
(10)

provided the variable measurability of phase

At .
J( ) — are the square matrixes,
above mentioned conditions,

space (2), where
which satisfy

(/) .
/ (t) — some " -dimension function which
satisfies the conditions of the theorem about the



existence and unity of the system (10) decision

te
when

(/) .
/ (t) , either are known vector
functions of the time or they are unknown but

satisfy the condition

i, Let we suppose that the functions
ter,

1

n a9 E
()(; . - _ 350
) = I/];Uf o) j dr| <R
(11)
1<g; <o0,1<¢q; <o, E(j) — some added

stables, j=1,_N.

Definition 3 Let we call the system (10) on
conditions (2) as internally
{c,B,F,(l),...,F,(N),TO,TI} -stable at permanently
acting agitations which can be known or
unknown and satisfy the condition (11), if
x(-’)(t)e F,(j) forall ez, j=1,N, as soon as
x(l)(to)e {x(l) xWT Byl < 2 }

Let we consider for the system (10) on
conditions (2) also the external
{c,B,F,(l),F,(z),...,F,(N),TO,Tl} -stability as the
generalization of the given task about the
practical stability [4] for the systems without the

variable measurability of the phase space. Let
we suppose that the area of the initial conditions

and the multitude th) satisfy the condition

G020 a0 <INV 20, (12)

where 1:2)
O - is the empty multitude.

Definition 4 Let we call the system (10) on
conditions ) as externally
{c,B,F,(l),F,(z),...,F,(N),TO,Tl} -stable
permanently acting agitations which can be
known or unknown and satisfy the condition

at

(11), if for some initial conditions x(l)(z‘o): x(()l)
the area

= b0 (B < e

from

(1) e Gy,

~ is the addition to the multitude T'\"),
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e{l,2,.,N} and the
signification 7 e z; »that x("))( )e F( h)

found such index j,e

The notion of the external and internal
{A,F,(l) ,F,(z),...,F,(N ) Ty, T, }-stability can be enter
[4] analogically.

Let f Y )(t) are the stable functions of the
j=1,N. The solution (10)

which satisfies the initial

parameter 7, €7,
on conditions (2),
condition x(l)(to )= x(()l) , has the following look:

j-1

(1)(1‘) W(t to)xo +Z J k(t T) )(T)d’[-l-

k= lt]\ |
i

+ JXj(t,r)f(-j)(r)dr ,

t

(13)
j-1
where W (t,1,)= X ;(t,1,.,)C;..X, (11,20 )Cy,

Let we write down the condition that the
trajectories of the system (10) on conditions (2)

belong to the set F,(j ), tet;,as follows:

V() e {z(f)(t) 1197 (V) (1) < 197 (1) V(1) <

<11 (a(e)s, =12, Mt ez, |, (14)

where z(j)(t): W.(t to)x(l)(to),
A1) = kzi; L) e+

g '
+ J.Xj(l,’l')f(l)(f)df, ter;, j=LN.

Zj

Let we mark:




VI(Z(I),Z)=CLZZ(I)TXIT(IO,Z)Z ) ter,
Vj(z(j),t)zcizz(J)TXJT(tj1,t)z(j), tet;,
j=2,N.

Theorem 3 In order to the system (10) on
conditions 2) is internally

e.BTO Tt 7 71} -stable at  the
known permanently acting agitations it is

enough that the following conditions will be
realized:

5 . = =
CTSMINYU My e },

ls(j)T (t)a(j)(d <1l,te T;,8; = L2,..,.M

j I’

j=1,N,

are the proper meanings of the matrixes

T
X7t X {e=t,00),
j=1...N—1, smaller that one.

Proof Evidently that the conditions (12) are
achieved if the following proportions realize:

l(j)T (t)z(j) <1-

]+1C1+1

max

Z(j)e{z(j)IZ(j)TQj(tj,l,t)z(-f)q:z} s
A O 17)
J
i T (N, 0) > _1_
Z(])E{Z(j):z(j)%lf tj_1 T)Z /.)<cz }lsj (I)Z > 1
— 197 ()al)e), (18)
J
tetr;,s; =12,.,M;, j=1,N, which can be

received easily from the theorem 3. The theorem
is proved.

Theorem 4 In order to the system (10) on

conditions (2) is internally
{ ,F,(l),Ft(z), F( ) TO,T} stable at the known
permanently acting agitations it is enough that

the following conditions will be realized:
/12 < min 1P1max > #2P2max >+

ls(j)T(t)a(j)(d <1, 1€7;,5; = 1,2,...,Mj,

’IuNmeax ’

j=1,N,
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O (t.1) = X, (1,10 )X (t.1,) )

Or (1,1, =)= X, (5,10 )X{ (t,~1,), the proper
meanings of the matrixes

XT(/ ! Jj- 1)C1+1C/+1 (/ ’tj—l) >
j=1,...,N—1, smaller that one.

Taking into account the results and the methods
of the proof of the theorem (3) and (4) it is
possible to receive also the conditions of the

external {/1,Ft(]),Ft(z),...,Ft(N),TO,Tl} -stability
and external {c,B,F,(l),F,(z),...,F,(N),TO,Tl} -
stability.

If the external permanently acting agitations
f (j)(t) , J =1,N ,are unknown but belong to
some area of kind (9), using the constructive

proofs above mentioned theorems it is possible
to build the valuations of the area

WOl r™ 1 1l stability
fe.B.TO. 0@ W 70 71} stability, which
allows to develop the effective digital algorithms
and the procedures of investigation of the

practical stability of the system with the variable
measurability of the phase space.

and
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